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ABSTRACT In order to quantify the collapse phenomenon in veins, this paper
presents a mathematical analysis of the cross-sectional shape of a flexible tube
as its internal pressure varies. Quantitative results are presented in terms of the
physical parameters of the tube, such as wall thickness and Young's modulus. It
is assumed that the tube is thin walled, that no stretching occurs, that the cross-
sectional shape is elliptical when the transmural pressure is zero, and that the longi-
tudinal prestress is zero. The equations were solved on a digital computer which
displayed the cross-sectional shapes on an oscilloscope, which were then photo-
graphed. A selection of these photographs is presented. Curves are shown which
give the cross-sectional area and compliance as functions of transmural pressure.
Other curves are shown which are useful for interpolation, and for use in the experi-
mental determination of the physical parameters which may otherwise be difficult
or impossible to measure accurately.

INTRODUCTION

Since the publication in 1628 of William Harvey's classic treatise on circulation,
the primary function of veins has been known to be that of returning the blood to
the heart. The veins, by virtue of characteristics peculiar to them, play an impor-
tant role in controlling the output of the heart (Wiggers, 1956; Wood, 1965). This
control function of the veins is a passive one, and is a result of their ability to col-
lapse and inflate (Franklin, 1937; Brecher, 1956).

Experimentation on veins in vitro has proceeded slowly because of the nearly
insurmountable difficulties involved (Brecher, 1969). The majority of work has
been done instead on flexible tubing, based upon the assumption that the differ-
ences between them and veins are quantitative in nature rather than qualitative.
Holt (1969), Couch (1966), and Conrad (1969) have done such measurements
using rubber or plastic tubing. In these experiments, the effects of both positive
and negative transmural pressures were investigated.
A certain amount of experimentation has been conducted on veins in vitro in

order to determine their Young's modulus (Brecher, 1956; Anliker et al., 1967;
Attinger, 1968). It was found that the Young's modulus varies according to the
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direction in which it is measured, and according to the extent of stretching. The
earliest measurements of changes of cross-sectional shape of veins for varying trans-
mural pressures known to the authors are those made by Attinger (1969). In this
work, he restricted himself to positive transmural pressures. Experimental work on
both tubes and veins in vitro, using a radiologic technique, have recently been com-
pleted by Reddy et al. (1970) for both positive and negative transmural pressures.
The cross-sectional shapes they obtained are gratifyingly similar to the curves pre-
dicted here.

Recently, Katz and Chen (1970), and Moreno et al. (1970) have presented a the-
oretical treatment of the collapse phenomenon. Their equations contain the implicit
assumption of constant initial (i.e., unloaded) curvature: either a straight piece,
like a beam, or a circular cross-section, like a tube. These equations were derived
to explain only small gross deformations. Nevertheless, they were amenable to pro-
gramming on an analogue computer, and any errors resulting from the relatively
large gross deformations were apparently small. They were also able to include the
effect of stretching in their later calculations, which is important in describing the
behavior of veins.

Since the mechanical energy of the blood in veins is extremely small, the veins
must be able to accommodate varying amounts of blood with the expenditure of
minimal amounts of energy. The ability of veins to collapse provides such a capa-
bility. This paper represents a first attempt at quantifying this process. The initial
cross-sectional shapes were assumed to be elliptical and the equations were of a
form that apply to large gross deformations, but did not include stretching. Being
highly nonlinear, the equations were solved using a digital computer. This provided
a set of mathematical relationships with which empirical results can be explained.
In addition, the results presented here can be extended to predict the dynamic be-
havior of veins in vivo, to provide a background for the derivation of a mathemati-
cal model of the venous system (Kresch and Noordergraaf, 1969), and to guide
further experimentation.

DERIVATION OF FORCE AND TORQUE EQUATIONS

The mathematical model which is used is based upon certain assumptions regarding
the properties of the tube. These are as follows:

(a) The object under consideration is a short segment of a flexible tube. It is as-
sumed that pressure changes along the tube, of which the segment is a part, are
sufficiently gradual that end effects can be ignored.

(b) The wall thickness h of the tube is sufficiently small that the usual thin-walled
approximations can be applied as needed. In particular, if the radius of curvature
of the cross-section is p, then at all points on the boundary, in both initial shape and
in all subsequent shapes after deformation, it may be assumed that:

h << p. (1)
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(c) The velocities of the wall are assumed to be sufficiently small so that energy
losses due to heating in the wall, and energy storage due to the inertia of the wall,
may be safely ignored.

(d) The transmural pressures under consideration are assumed to be small
enough that no appreciable stretching occurs in the wall.

(e) The cross-sectional shape of the tube, when the transmural pressure is zero,
is assumed to be elliptical.

(f) The wall thickness is assumed to be constant.
(g) The wall is assumed to be homogenous, but not necessarily isotropic.
(h) The cross-sectional shape of the tube is symmetrical about both axes.
(i) The longitudinal prestress is zero.
The tube to be considered is unbranched, straight, of infinite length, and has a

cross-section which does not change along its length, and a suitable piece of this
tube is chosen for analysis. This is the mathematical equivalent of a tube of finite
length without end effects. The piece chosen is shown schematically in Fig. 1.
The various parameters are defined in Fig. 2. The wall thickness h is assumed to

be a constant, independent of position on the wall. The transmural pressure p is
defined as the amount by which the internal pressure exceeds the external pressure,
and may take on negative values. It is useful to consider the forces and torques
acting upon this piece of the tube wall.

N~~~~~~I

FIGURE 1 A section offlexible tube and a piece of the tube used in the derivation of the shape
equation.
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FIGURE 2 A small wedge-shaped piece of tube obtained as shown in Fig. 1. In addition to
the thickness h and the length AL, the width is shown to be defined as the arc length of the
midline. An approximation to the radius of curvature p is defined geometrically, denoted by
A. The tangential stress at , the shear V, and the bending moment Mare shown acting on the
right-hand face. On the left-hand face, these same variables are shown with incremented
values. The transmural pressure p is shown acting on the inside face. In addition, a set of
reference axes is shown.

Since the wall is in static equilibrium, the sum of the forces acting on it in any
direction must be equal to zero, as must the sum of the torques about any axis. A
consideration of the forces acting in the y-direction yields:

(V + AV)ALh - VALh cos Aa

+ g pAL -_2 cos dO - at ALh sin Aa = 0, (2 a)

and a consideration of the torque about a line in the y-direction and passing through
a point located at the center of the left-hand face yields:

(M + AM)ALh - MALh- pVALh - pVALh tan Aa

+f pAL( A_) tanOdO = O. (2b)
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Using approximation 1 above, and taking the limit as As -O 0 gives:

hV+p-rtKh=O, (3a)

M=V . (3 b)

Combining these two equations gives:

hM+p-atKh =0. (3c)

In the above equations, dots are used to indicate differentiation with respect to s,
and K is the curvature at any point defined by:

K (4a)
p

and

lim A =p. ( 4 b )

In the case where the shear V is constant, equation 3 a reduces to Laplace's law.
It will be shown below that the condition for which the shear is constant is that the
cross-section be circular. Equation 3 c is the equation which is to be solved in order
to determine the cross-sectional shapes of collapsible tubes.

EXPRESSIONS FOR FORCE AND TORQUE AS RELATED TO
STRESS AND BENDING MOMENT

An expression for force can be most easily determined by considering the behavior
of a slice of the tube as shown in Fig. 3. If this slice is cut symmetrically into two
equal halves, the resulting situation will be as is shown in Figure 4. The two points
where it was cut have as coordinates (xi , yi) and (X2, Y2). By symmetry, it must be
true that X2 = -xl and Y2 = -yi . The coordinates of the curve, x and y, are ex-
pressed parametrically in terms of the arc length s. The point where the curve inter-
sects the positive x-axis defines where s is equal to zero, with s increasing in a coun-
terclockwise direction. The point (xi , yi) is located at s = si , and the point (X2 , Y2)
is located at s =S2 . The tangential stress at , the shear V1 , and the bending moment
M1 act at the point (xl, yi), and equivalently for 0at2, V2, and M2 at (X2, Y2). As
above, pressure is measured relative to the external pressure, so no external pres-
sure is shown. The internal pressure is arbitrarily shown acting in an outward di-
rection.

It is demonstrated below that the bending moment at any point M depends only
on the curvature at that point, and on the transverse Young's modulus and the
wall thickness, both of which are assumed to be constant. By symmetry, the curva-
ture at (xi, Yi) must equal the curvature at (x2, y2), implying the equality of the
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FIGURE 3 FIGuRE 4
FIGURE 3 A section of flexible tube and a slice of the tube used in the derivation of the
expressions for stress and shear.
FIGuRE 4 In order to determine the tangential stress at and the shear V, the ring-shaped
slice of Fig. 3 is cut in half at symmetrically opposite points. The tangential stress at, the
shear V, and the bending moment M are shown acting at the two points where it is cut,
and the transmural pressure p is shown acting in an outward direction. At each point on the
ring are associated three vectors: the position vector r, which locates the point relative to
the origin of coordinates; the unit tangent vector t, which is parallel to the ring and points
in the direction of increasing arc length; and the unit outward normal n. These vectors are
shown at the two symmetrical points.

bending moments at the two points. By virtue of equation 3 b above, therefore,

V1 = V2 (= V).

Symmetry arguments also require that:

ri =-r2,

tl = -t2,

nl = -n2 .

In addition, the following mathematical definitions are needed:

r = xi + yj,

t = xi + ,yj,
n = yi - 4
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where i and j are unit vectors in the x- and y-directions respectively. The appropri-
ate expressions for r1, t1, etc. should be obvious.

Three quantities are of interest: the net torque T about the z-axis, the net force
component Ft in the t, direction, and the net force component Fn in the ni direction,
all of which must be equal to zero. These quantities are:

T -r X (VIALhn1) + r2 X (-V2ALhn2) + r1 X (atoALht1)
r (z1y1)

+r2X (-ue2ALht2) + J rX(ALpn ds) = 0, (8a)

F= V1 ALhn* t1 - V2ALhn2At2 + atiALhtiti -O't2ALht2 tl
+ (Z1,Vl )

+ J ALpn-n1ds= 0, (8b)
(z2,V2)

Fn= V1ALhn * n - V2ALhn2*nl + ati ALht1-n* - at2ALht2 n

r(zl vl)
+J ALpn.nids=0. (8c)

(X2.V2)

When the conditions required by equations 5-7 are substituted into equation 8 a, it
reduces to:

Ot1 = O't2 (=0t). (9)

Equations 8 b and 8 c then yield, respectively:

Olt = h (-* Y)' ( 10)h

V = -h (xxt +y).(1)h

In order to enhance insight, it is worthwhile to make a digression at this point.
A consideration of equations 3 a, 3 b, 10, and 11 yields several interesting results.
In the notation used in this paper, Laplace's law has the form:

,=th (12)

in which the tension, usually denoted by r, is replaced by its mathematical equivalent
oth, and the radius of curvature p replaces the radius, since the cross-section is not
necessarily circular. Consider the following statements:

(a) Laplace's law holds.
(b) The shear is constant.
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(c) The shear is identically zero.
(d) The cross-section is circular.
(e) The stress is constant.
(f) The bending moment is constant.
(g) The curvature is constant.

It is not difficult to show that these seven statements are mathematically synonymous,
in the sense that they are either all true or all false. This is not to imply that the
above seven statements must be true; in the case of a collapsed vein, for example,
statement d is certainly not true. The important point is that if any one of the above
statements is false, all the others must also be false.

In particular, equation 12 is not necessarily correct. It may be noticed that equa-
tion 10, which is necessarily correct, is identical with equation 12 except that the
radius of curvature p is replaced by the quantity xy -xy. Thus, equation 10 is one
form of a generalization to Laplace's law for noncircular cross-section. In the case
of circular cross-section, equations 10 and 12 become indistinguishable. Another
generalization of Laplace's law is given by equation 3 c. Except for the addition of
the term hM, this is identical with equation 12.

It should be no surprise that all these equations are intimately related. For ex-
ample, it is possible to derive equation 3 a by differentiating equation 11 and, making
use of equations 10, 18, and 19, performing a certain amount of mathematical
manipulation.

AN EXPRESSION FOR THE BENDING MOMENT

Knowing that the cross-section may not be circular, it is necessary to determine
what the actual shape is. The starting point is equation 3 c, which is the basic force
relationship for the system. Since equation 11, which is mathematically equivalent
to equation 3 c, provides a more convenient starting point, the shape will be deter-
mined by solving equation 11. The first step in this solution is to integrate this equa-
tion along the arc length from the point s = 0 to an arbitrary point on the circum-
ference:

M - M(O) = - (x2 +Y) + X(0)2, (13)

where M(O) and x(O) are the values ofM and x at the point s = 0. This, as defined
above, is the intersection of the curve with the positive x-axis, which means that
y(O) = 0. It is necessary now to determine an expression which gives the bending
moment in terms of the physical properties of the tube.
An expression for the bending moment in terms of the curvature can be obtained

from a consideration of the piece of tube shown in Fig. 2. Fig. 5 shows this same
piece of tube as it might appear (a) when the bending moment is zero, and (b) when
the bending moment is equal to some nonzero value M, shown in the figure as a
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FIGURE 5 The wedge-shaped piece of tube of Fig. 2 in two states. In a it is shown as it
appears when no forces or torques act on it. The geometric variables are shown with a zero
subscript to indicate that they apply to the state for force and torque equal to zero. The
width is denoted by wo which, as illustrated, is a function ofthe radial distance ro . When ro =
0, the width wo is equal to the center-line width Aeso. In b the same piece of tube is shown
as it appears when the forces and torques are allowed to act on it. The geometric variables
are shown without a subscript. The only force shown is that due to the tangential stress at
in order to emphasize that it varies with r.
FIGURE 6 The wedge-shaped piece of tube shown in Fig. 5 a is cut into layers of thickness
dr. Such a layer is shown in a. When the forces and torques are applied, the layer is de-
formed, and appears as shown in b.

positive quantity. From this figure, it is possible to determine a strain and a stress,
and to relate them through Young's modulus.

If the piece of tube shown in Fig. 5 a is divided into a series of thin horizontal
layers, one of these layers might appear as shown in Fig. 6 a. In this figure, the slab
is shown as being flat, rather than curved, which makes it easier to visualize what
is happening. When the bending moment is applied the width wo of this slab may
change. It is shown in Fig. 6 b as having increased. The strain e as a function of the
radial coordinate r is given by:

C. +Icr (14)
1+ Krco

The stress is obtained by multiplying this by the transverse Young's modulus Et.
The torque about the midline of the right-hand face is given by the formula:

h/2

T = rEte(r)AL dr. (15)
-h/2
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The bending moment is the torque per unit area. Integrating equation 15 and divid-
ing by the area ALh, gives the bending moment:

1tI+- hKo0
M = (K-K o)-K - I on 1- 6hK)

L2 2Ko
This equation states that at any point on the tube, the bending moment is linearly
proportional to the change in curvature at that point. Since the cross-section for
zero transmural pressure is not necessarily circular, the curvature Ko is not constant,
so that the proportionality factor varies from point to point. As long as the wall
thickness is small relative to the radius of curvature, however, the factor does not
vary much, so that the following approximation can be used:

Ml K2Eth2(K - Ko). (17)

AN EXPRESSION FOR THE ARC LENGTH

The arc length of a curve is defined by the equation:

dS2 =dX2 +dy2, (18)

where s is the arc length, and x and y are the x- and y-coordinates of the curve,
respectively, where x and y are expressed parametrically in terms of the arc length.
In actual fact, there are two curves of interest: that for which the transmural pres-
sure is zero, and that for which the pressure is not zero. The first curve is given;
the second is to be determined. If so is any point in the cross-section described by
the first curve, then its coordinates are xo(so) and yo(so). Let s be the same physical
point in the cross-section after the pressure is made nonzero. In a general situation
where stretching is allowed, s and so need not be equal. In this case, since stretching
is so slight as to be negligible, it can be assumed that s = so. Thus, the point de-
fined by s at one value of transmural pressure is the same physical point at all values
of transmural pressure.

AN EXPRESSION FOR THE CURVATURE

An expression for the curvature K is easy to derive. The curvature, defined as the
inverse of the radius of curvature, is the rate of change with respect to arc length of
the angle between the line tangent to the curve and the x-axis. When this is trans-
lated into cartesian coordinates, the result is:

K = XyO-X. ( 19)
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A METHOD FOR FINDING A CURVE FROM ITS
CURVATURE

It will be necessary later to determine the coordinates of a curve given only its
curvature as a function of arc length K(S) and its initial conditions. It is necessary
to determine a method for doing this, and to determine which initial conditions
must be specified. These determinations are easily made by defining a dummy vari-
able 0 according to the following two equations:

= -sin 0, (20 a)

y=cos0. (20b)

When these are differentiated and substituted into equation 19, the result is:

O= K. (20 c)

Equations 20 a-20 c can be integrated:

0 =0(0) +1 Kds, (21 a)

x = x(0) -fsin ds, (21 b)

y =y(o) + cosods. (21 c)

These equations show that there are three initial conditions which must be specified.
x(0) and y(O) give the location of the point where s = 0, and 0(0) is related to the
slope of the curve at this point. These equations also provide the basis for a method
of integration for use in a digital computer.

RESTING SHAPE OF THE TUBE

It is necessary to specify the "resting shape," the cross-sectional shape when the
transmural pressure is zero, assuming that the bending moment is at all points zero.
The first impulse is to define the resting shape as circular. There are two reasons
why this was not done.

(a) Although perfect circles do not exist in nature, mathematically just the op-
posite is true. By virtue of its perfect symmetry, a circular cross-section will never
collapse, regardless of the extent by which the external pressure exceeds the internal
pressure. In reality, it is the slight perturbations from perfection that cause flexible
tubes to collapse. Mathematically, a similar perturbation must be introduced or the
equations yield trivial results.
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(b) The actual resting shape of veins is not known, so that making the assumption
that they are circular may be physiologically in error.

Consequently, it is assumed that the resting cross-sections are elliptical. The ec-
centricity k is defined here (this is not the usual definition of eccentricity) as the
ratio of the major axis to the minor axis. It should be clear that as good an approxi-
mation to a circle as required can be obtained by making the eccentricity sufficiently
close to unity. The equation of such an ellipse is:

xo + k2yo = 1, (22)

where the subscripts indicate that this is for transmural pressure equal to zero. It is
not possible to write an analytic expression which gives these coordinates as func-
tions of the arc length. In order to obtain a computer solution, the curvature KO iS
written as:

(.2 + k2A)312 (233)

and the necessary functions are then given by:

r8
=±(O) - fKo)o ds, (24 a)

=o=O(O) + Kotods. (24 b)

This requires two initial conditions:

to(O) = 0, (25 a)

yo(0) = 1. (25b)

The original shape equation 3 c has now been replaced by a set of five first-order
differential equations, three to determine the curve from its curvature and two to
determine the ellipse.

SOLUTION AND RESULTS

Whenever it is possible to express a set of simultaneous differential equations in the
form:

au= f(uts),I(26)

where u, u(= du/ds), andf are vectors, it is possible to write a computer program
which will approximate the value of u(s + As) from the behavior of u(s), u(s -As),
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u(s - 2As), etc. Equations 13, 17, 20 a-20 c, and 24 a-24 b can be put in the above
form as follows:

-P(x2 + Y2) - PX(0)2 + 0(0) + + k2y) - k2

-sin 0

cos 0

( .2 + k2S' ) 82
Y°k

k

p (27)

where P is the normalized pressure and replaces 6p/Eth3. The initial conditions for
this set of equations are:

Ix(0)I
x(O)
Y(O)=
-to(0)

LYo(0)J

K- 2.00 K 2.00
P=3.00 P-2.00/1f1 /' F

K=2.00
P-0.00

01
Xi
10 . (28)
101

I K 2.00 K: 2.00
P--3.00 P:-4.00

~~~I E>

KI 2.00 K= 2.00
P = -5.00 P=-6.00

_~~~~E . E

K: 2.00
P= -2.00

FIGuRE 7 A sequence of photographs of a computer-controlled oscilloscope showing a se-

quence of computed cross-sectional shapes. The shape for transmural pressure equal to
zero was assumed to be an ellipse with an eccentricity k = 2.0 for this sequence. The nor-

malized pressure P ranges from +3.0 to -6.0 in steps of -1.0.
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It should be noted that equation 13 was derived through an integration, which
gave rise to a sixth initial value, 6(0) = d,. The integration is to be carried out
through one-fourth the arc length of the cross-section. Since the cross-section is
known to be symmetric about both axes, this is sufficient. Although xi and #i are
not known, the correct values of x(s) and y(s) are known to be zero at the end point
of the integration. What was done was to guess at the values of xi and i,,, then to
compute the curve for this cross-section and examine the values of x(s) and y(s)
actually obtained at the end point. These values, if not both correct, allowed the
computer to generate a better approximation to xi and 0. . The process used caused
a rapid convergence of xi and 0, to their correct values.
The equations were solved for five values of the eccentricity k: 2.0, 1.5, 1.25, 1.125,

and 1.0625. For each value, the normalized pressure P was varied, starting at
+3.0 and ending at -6.0 in steps of -0.2. A selection of the curves so obtained is
shown in Fig. 7, for which k = 2.0. Other curves have been published by Kresch
(1968).

In addition to computing the cross-sectional shape, the area was also calculated.
Plots of the cross-sectional area as a function of the normalized pressure are shown
in Fig. 8 for the five values of eccentricity, and for an extrapolation to the limit as

-6 -2 -I 0

kal.0

ka 1.0625
k-I. 125

kui.25

2 3

FIGURE 8 A composite graph of the cross-sectional area A as a function of the transmural
pressure P for six values of initial eccentricity k.
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-6 -5 -4 -2 -1

1km.0
-k 1.0625
kal. 1 25

km 1 .25

-kw1.5

1 2

FIGuRE 9 A composite graph of the y-axis intercept yf as a function of the transmural
pressure P for six values of initial eccentricity k.

k-l.125

k-1.25

dA
dP

-1 0 I

Pt
FIGURE 10 A composite graph of the compliance dA/dP as a function of the transmural
pressure P for six values of initial eccentricity k. Each of these curves has a discontinuity at
P = Pg. Since Pg itself varies as a function of the initial eccentricity, the discontinuities
occur at different places for the six curves.
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the eccentricity approaches unity. Graphs of the y-intercept yf and for the normal-
ized compliance dA/dP are shown as functions of the normalized pressure in Figs.
9 and 10 respectively.
From Fig. 9, it is possible to estimate the value of the normalized pressure at

which the top and bottom walls of the tube touch, being the value of P at which yf
goes to zero. This value of pressure, denoted by Pt, is plotted as a function of the
eccentricity k in Fig. 11. For this range of k, P, increases for larger eccentricity.
This implies that the flatter curves require larger pressures to cause the wails to
touch. This apparent paradox results from the unusual form of normalization used
here: setting the major axis equal to unity. A larger eccentricity thus implies a lesser
perimeter, and hence less material over which to distribute the flexural forces. For
even larger eccentricity, however, it can be speculated that the proximity of the
upper and lower walls will more than compensate for this effect.

A

3.0

2.5

2.0 34
20>_ a - ° 1~~~~~~~~~~~~~~/4

1.5-
- 1/4

.10 -5/1
- 3/4

0.5 i-

4 10I/2

2 0 I
I 1.251.5 1.75 2.0 k ~1.0 1.25 1.5 1.75 2.0

FIGURE 11 FIGuRE 12
FIGURE 11 A graph showing the value of normalized transmural pressure where the walls
touch Pt as a function of the initial eccentricity k. For the range of eccentricities consid-
ered, Pg increases as k increases, implying that the closer the walls are initially, the greater
the pressure needed to make them touch. This apparent contradiction is a result of the
normaliation procedure used. It can be speculated that, for values of k larger than those
considered here, Pt decreases.
FIGURE 12 A composite graph showing the cross-sectional area A as a function of the
initial eccentricity k for 13 values of the parameter a, defined as the ratio P/l Ptg.
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3.0'.

2.0-\

1.25 I.5 1.75 2.0 k

Pmax

I L.5 1 .75 2 k -4,c

FIGURE 13 FIGURE 14
FIGuRE 13 (a) A graph of the maximum value of the compliance dA/dP Imas as a function
of the initial eccentricity k. (b) A graph of the normalized transmural pressure Pma , at
which the maximum value of compliance occurs, as a function of k.
FIGURE 14 One quadrant of a partially collapsed tube. In cylindrical coordinates, every
point of the tube (black dot) is uniquely identified by a radial coordinate r and an angle 0
defined as shown. The arc length s is shown increasing in a counterclockwise direction.
Three sections of the wall are identified: a, b, and c. In a, 0 is positive; in b, 9 is negative;
and in c, 6 is identically zero. The boundary point between a and b is where a line from
the origin of coordinates is tangent to the curve (dashed line); that between b and c is where
the curve touches the x-axis.

Fig. 12 is a composite graph showing the behavior of the cross-sectional area as
a function of the eccentricity k. Each value of k determines the value of Pt. For
that eccentricity, the actual normalized transmural pressure is expressed as:

P=aIPtI, (29)
where a is a dimensionless factor. Each curve on Fig. 12 is for constant a. For ex-
ample, to find the cross-sectional area of the tube when the top and bottom touch,
look at the curve for a = -1. This gives the area for all values of eccentricity up to
2. This figure is presented in order to facilitate interpolation between the values of
k for which the equations were solved.

Fig. 13 a is a graph of the maximum value of the compliance, dA/dP Im X and
Fig. 13 b is a graph of the value of P at which the maximum occurs, P., both as
functions of k.
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CONCLUSIONS

Clearly, one of the main reasons for presenting this paper is to provide a theoretical
foundation describing the collapse of flexible tubes which can be used as a basis for
comparison with experimental work. In making measurements on flexible tubes or
veins, curves similar to those shown above will be obtained. In order to make such
a comparison, it is necessary to explain the relationship between the curves shown
above, and the units for curves experimentally obtained. This must be done in order
to compensate for the size of the vessel or tube, and to obtain a relationship between
the normalized pressure P and the actual transmural pressure p expressed in engi-
neering units.

In deriving the equations for this paper, the major axis1 for zero transmural
pressure was defined as unity. This defines a unit of length. The wall thickness was
defined as h in terms ofthese units. The following relationships can be shown to hold:

h = h , (30 a)
Xa

A'
A= 2, (30 b)

Xa

Eh3 X (30 c)

dA Et h3 dA'
dP 6x2 dp' (30d)

Yf Xf (30 e)Xa

where:
h' is the actual measured wall thickness of the tube,
A' is the actual measured cross-sectional area of the tube,
xa is the actual measured x-axis intercept of the tube for zero transmural pressure,

and
yf is the actual measured y-axis intercept of the tube.
The quantity 1/12 E,h3 is an important descriptor of the behavior of the wall of

the tube. Multiplication of equation 17 by the wall thickness h shows that 1/12 E,hs
is the proportionality factor relating the torque per unit (axial) length of the tube
to the change in curvature. It is a rotational analogy ofthe spring constant in Hooke's
law, which we shall call the bending modulus and denote by the letter c.
The bending modulus is difficult to measure directly. The considerations presented

in this paper provide for a variety of procedures for determining the value of the

1 Note that the major axis, as used here, is the distance from the origin to the x-intercept.
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bending modulus indirectly, depending upon what measurements are made. One
such procedure is described here. It is assumed that the tube has been set up so that
the transmural pressure p can be controlled and the volume of the tube can be de-
termined at all times.
The major axis x(0) varies only slightly as a function of the transmural pressure.

It should not be difficult to measure x(0) when the transmural pressure is approxi-
mately equal to zero. This gives a value for xa . A glance at the curves of Fig. 8
shows that, when p 0, the cross-sectional area also varies only slightly as a func-
tion of the transmural pressure, so that a measurement of the volume gives, upon
division by the length of the tube, an accurate value for A'(0). The normalized area
A(0) can be obtained, according to equation 30 b, by dividing A'(0) by x2 . Referring
to Fig. 12, the curve for a = 0 gives the eccentricity k which is valid for the value of
A obtained (the direct determination of the eccentricity requires accurate control
over the transmural pressure to a degree which may not be available). Once the
eccentricity is known, the value of Pt can be read directly from Fig. 11.
The value of transmural pressure at which the walls touch pt may be determined

in a variety of ways. One possibility is to apply a slow sinusoidal oscillation of low
amplitude about a value of transmural pressure and determine the resultant ampli-
tude of volume (and, hence, cross-sectional area) change. It will be noticed, from
Fig. 10, that dA/dP undergoes a discontinuity at p = pt . Therefore, if the resting
value is slowly changed, an abrupt change in the amplitude of the volume oscillation
will be noted as p passes through pt . The value of transmural pressure when this
occurs can be taken as pt . It may be noted, from equation 30 c, that:

c = Pt (31)c2P,
which is the quantity required.

It may be reasoned that the bending modulus should be quite easy to obtain; it
can be calculated easily once the wall thickness and the transverse Young's modulus
are known. The fallacy with this sort of reasoning is that the transverse Young's
modulus is not easily measured on plastic tubing, and is extremely difficult to mea-
sure on veins. In fact, one of the key reasons for determining the bending modulus
indirectly, as described above, is that a relatively accurate value for the transverse
Young's modulus may then easily be determined by multiplying it by 12/h3, assum-
ing that the wall thickness h is not difficult to measure accurately.
A parameter of interest, particularly to hemodynamicists, is the compliance. It

should be clear from Fig. 10 that this most certainly is not a constant for collap-
sible tubes. The compliance attains a maximum at a value of transmural pressure
slightly greater than that where the walls touch. This maximum is larger for tubes
whose resting shape is more nearly circular. Since the compliance is always finite
and positive, the area must be a monotonic function of the transmural pressure.
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Thus, given a transmural pressure, there is only one area that the cross-section may
have, and vice versa.
The behavior of the stress is an interesting topic. It was mentioned above that

this in general is not constant. There are, in fact, situations where it will have a dif-
ferent sign at different points on the circumference. As an example, consider a shape
such as is shown in Fig. 7 for P = -4. One quadrant of this is sketched in Fig. 13.
If the equation for the stress, 10, is rewritten in cylindrical coordinates, it has the
form:

a P=h r2. (32)h

In general, h and r2 must be positive, and in the case being discussed, p is negative.
Therefore the sign of oa will be opposite to that of 0 at all points. In Fig. 14, the
area designated as a has 0 positive, so that the stress there is negative; i.e., the wall
is under compression. In the area designated as b, just the opposite is true; 0 de-
creases as the arc length increases, so that 0 is negative there. Thus, the stress in b is
positive, and the wall is under tension. In c the angle 0 is identically zero; so is 0,
and hence the stress in this area must be identically zero.
The information presented in this paper provides a basis for analyzing the flow of

fluid in collapsible tubes, and has direct application to venous hemodynamics.
Knowing the behavior of the cross-sectional area as a function of the transmural
pressure provides the basis for the design of a mathematical analogue for a short
section of vein which takes into account the collapsibility of the tube, as well as the
transmission-line effects. A calculation of the pressure-flow relationship in veins
leading to such a mathematical analogue has been published by Kresch and Noorder-
graaf (1969). The collapse phenomenon of veins implies the presence of nonlineari-
ties in the pressure vs. flow relationship so obtained which are of sufficiently large
magnitude to preclude their being ignored. Thus, an electric analogue of a segment
of vein, such as that proposed by Kresch and Noordergraaf (1969) which consists
of nonlinear time-varying circuit elements, is both difficult to design and expensive
to construct. Since a digital computer can handle a nonlinear problem as easily as
a linear one, an analogue in the form of a computer program may be a good way
to model several segnents of a vein; however, an attempt to model the whole cir-
culatory system on a digital computer may exceed the capabilities of modern-day
computers because of the large number of variables in the system. It is possible that
the use of hybrid techniques may prove to be a fruitful approach, in which the
analogue computer can be used for the real-time calculations, and the digital com-
puter can be used to perform the nonlinear calculations and control the parameters
in the analogue computer. Whatever approach is taken, however, it is hoped that
the information provided in this paper will be useful in modeling the venous system,
and, ultimately, lead to a better understanding of the human circulatory system as
a whole.
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